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The failure of fibre composites and adhesively 
bonded fibre composites under high rates of test 
Part  II M o d e  I load ing  - d y n a m i c  effects 

B. R. K. BLACKMAN,  A. J. KINLOCH, Y. WANG, J. G. WILL IAMS 
Department of Mechanical Engineering, Imperial College of Science, Technology and 
Medicine, Exhibition Road, London, SW7 2BX, UK 

The dynamic effects which are commonly encountered during high-rate DCB tests with fibre 
composite and adhesively bonded fibre composite arms have been studied in detail. This 
paper, Part II of the series, follows Part I, which described the experimental aspects of the 
high-rate testing. Part III will report the results from mode II and mixed-mode 1/11 tests on the 
fibre-composite materials. 

Nomenclature 
a crack length 
ao initial crack length 
c~ crack speed 
// crack acceleration 
c longitudinal wave speed 
h thickness of single arm of test specimen 
p crack length perturbation (i.e. the measured 

value of the crack length minus the value predic- 
ted by steady-state theory) 

/~ crack velocity perturbation 
~6 crack acceleration perturbation 
t time 
to time taken for crack to initiate during the mode 

I test 
u0 load-line vertical displacement of single arm 

of test specimen (8/2 in Part  I) 
u(x) vertical displacement of specimen at distance 

x from the load-line 
fi(x) vertical displacement rate of specimen at dis- 

tance x from the load-line 
x distance along the test specimen from the load- 

line 
A constant relating the steady state crack length to 

root time 
B width of specimen 
C compliance of the specimen (uo/P) 
E l l  axial modulus of the fibre-composite beam 
G mode I energy release rate 
GIo mode I critical energy release rate or fracture 

toughness 
G1 half the value of GI~ during steady-state propa- 

gation (i.e. calculated for half the beam as shown 
in Fig. 1) 
half the value of G~ at crack initiation 
end load applied to specimen 
external work done 
strain energy 
kinetic energy 

G2 
P 
Uext 

Us 
Uk 

0022-2461 �9 1996 Chapman & Hall 

V velocity of a single arm of test specimen 
(i.e. half the measured test velocity) 

13 dynamic term, governed by the ratio of the en- 
ergy to initiate versus that to propagate a crack 

Zi mode I crack shear deflection and root rotation 
correction term 

A crack length correction term, evaluated by the 
negative intercept on the a v e r s u s  t 1/2 plot 
dynamic term controlling the form of the com- 
puted perturbations 

v Poisson's ratio for the fibre-composite beams 
9 density of the fibre-composite beams 
z time, normalized by the initiation time, to and 

thus equivalent to (t/to) 
fn values of z at which crack arrest occurs. 

n = 1 ,2 ,3 . . .  
ratio of distance along beam to crack length 
(x/a) 

1. Introduction 
Part I [1] of this three-part series described tests on 
several composites to measure the mode I delamina- 
tion toughness at high loading rates. It was observed 
that at loading rates above about 1 m s-1 the load 
signal was so influenced by dynamic effects that it did 
not yield sensible values. It was concluded that the 
fracture toughness, G1c, was best determined from the 
measurement of the load-point displacement and the 
crack length which were measured by the use of high- 
speed photography. This required a knowledge of the 
elastic modulus, E a 1, at these higher rates which was 
found to be sensibly independent of rate. 

It was noted in Part I [1] that the analysis used was 
static and took no account of kinetic energy changes. 
These were estimated and found not to be large, but 
significant dynamic effects were observed. In particu- 
lar, the high-speed camera enabled quite accurate 
crack length versus time data to be determined and 
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Figure 1 The model of the double-cantilever beam specimen used in 
the analysis. Owing to symmetry, only one arm was modelled. 

hence the variation in crack speed could be 
monitored. These variations were found to be large 
and, in extreme cases, led to crack arrest and re-initia- 
tion, i.e. stick-slip propagation. Such variations have 
been observed in finite element results [2, 3] and at- 
tributed to dynamic effects. These effects are explained 
in detail in this paper with a view to establishing if 
they affect the accuracy of the fracture toughness 
values obtained. The results also give some insight 
into the utility of trying to characterize fracture tough- 
ness as a function of crack speed when dynamic vari- 
ations occur. 

i.e the usual result, as used in Part I, but written for 
half the beam as shown in Fig. 1. 

For  the tests used here, u0 = Ve, where V is the test 
velocity, and is a constant for each test. Therefore, if 
we assume that the material has a constant toughness, 
G1, then during propagation the relationship between 
the crack length, a, and the time, t, may be written as 

i.e. 

a ~ =  ( ~ E l t h 3 V 2 ~ t 2  
) (st 

a = A~ 1/2 

where A is a constant given by 

G1 (6) 

It should be noted that the end rotation correction 
requires that 

a + %i h = A t  1/2 (7) 

2. Theory 
2.1. Static analysis 
Let us consider the analysis of half of the double- 
cantilever beam (DCB) specimen; as shown in Fig. 1 
with an end deflection of Uo and a crack length of a, the 
beam has a width of B. The mode I energy release rate, 
G for the usual double-cantilever beam test is retrieved 
from the results for this case by doubling the value of 
G and replacing Uo with 8/2, where 6 is the total end 
deflection. The value of G, for all the cases discussed 
here, is derived in the usual way from [4] 

1 (dUext dU~ dUk~ 
G = ~ \  da da d a ]  (1) 

where Uoxt is the external work, Us is the strain energy, 
and Uk is the kinetic energy. The static analysis 
assumes that Uk = 0 and here we have 

1/dUext dUs x ] 
G = B \  da da ] 

p2 dC 

= 2B d--~ (2) 

where P is the end load and C is the compliance, uo/P. 
Thus 

C - b/~ 
P 

4a 3 
- (3)  

Bh3Ela 

where El l  is the axial modulus. (The various correc- 
tions for simple beam theory, which were discussed in 
Part I [1], will initially be omitted for clarity in what 
follows, but will be added in the final result.) Differen- 
tiating Equation 3 and substituting for P in Equation 
2, we have 

3Ellh 3 u 2 
G - 8 a 4 (4) 

and the procedure for evaluating this correction term 
will be discussed in Section 3. 

This is steady-state propagation [5] and assumes 
that at t = 0, a = 0. For  practical tests there is always 
an initial crack length, ao, so that in this static case the 
crack will initiate at 

and at a velocity of 

A 
d o - 2t~o/2 

(8 )  

a o  (9) 
2to 

2.2. Dynamic effects 
Exact solutions including the kinetic energy are un- 
common for beam problems because of the nature of 
the equation of motion [6]. Useful approximations, 
however [7], can be obtained via the "Berry Method" 
where the static displacement profile is assumed, the 
velocities derived, and hence Uk computed. For  the 
beam in Fig. 1 

( 3 x  l x 3  ) 
u = Uo 1 - 5 a  + 2 a  ~ (10) 

where x is the distance along the beam, as defined in 
Fig. 1. 

Now, there are two cases of interest. Firstly, prior to 
crack initiation the crack velocity is zero, and hence 

fi = V 1 - ~  + ~3 (11) 

where 

X 
- (12) 

a 
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and hence the kinetic energy may be calculated via 

1 f 2 (  3 1 )  2 Uk = ~ pBhaV 2 1 - -  ~ -t- ~ ~ 3  dE (13) 

Writing the solution in the appropriate form for the 
energy balance we have 

1 d U  k __ 33 Ellh (14) 
B da 280 

where c is the longitudinal wave speed in the com- 
posite arms and is given by 

c = ( ~ 2 )  1/z (15a) 

for plane stress conditions, and 

c [- El l  ~1/2 (15b) 
p(1 -- v2)J 

for plane strain conditions as exist in the tests, where 
p is the density and v is Poisson's ratio for the arms of 
the beam. 

Secondly, for steady-state crack propagation, there 
is a velocity contribution from the crack motion, so 

du du 
fi = d~ + /i d~ 

= V(1 - -~+ �89  V ( ~ ) } ( ~ - ~  3) (16) 

and because 

and 

a = At t/2 (17a) 

dt 1 
- ( 1 7 b )  

a 2 

fi = V(1 -- �88 - �88 (t7c) 

proceeding as before we can compute the kinetic 
energy term as 

1 d U  k __ 111 E11h (18) 
B da 560 

This expression is greater than the static case (i.e. 
when d = 0) by a factor of 1.7. 

Thus, we have two expressions for G by using Equa- 
tion i. Firstly, when/i  = 0 

G = ( ~ E l l h 3 V 2 )  t2 ( 3 3  El* hV2)  
~z j \280 c 2 (19a) 

and secondly when/i  > 0 

G = ( ~ E l l h 3 V 2 )  t2 ~111El l  hV2)  
a 4 ] - \560 c 2 (19b) 

The crack will initiate at G = G~, with /i = 0, via 
Equation 19a. However, the G required for steady- 
state propagation, via Equation 19b will be less than 
the value of G1 owing to the greater kinetic energy 
term in this case. Therefore, there will be a transition 
growth region before the crack reaches its steady-state 
condition. When the steady-state condition is reached 

we can again write 

a = At 1/2 (7) 

but the value of A is now given by 

= g E l , h 3 V  2 G1 -t- (20)  

i.e. including the kinetic energy term for the crack 
growing under steady-state conditions. As Equation 
20 represents the definition of A when/i > 0, it is now 
necessary to reformulate the expression for the initia- 
tion time, to, because the crack velocity up to this 
point is, of course, zero. Hence, we can write 

to = ( A ) 2  {[G1 33 

IG1 111 h + 

However, this analysis does not allow any details of 
the transition to be computed, because it assumes only 
two conditions, i.e. d -- 0 or the steady state. 

2.3. Transient effects 
To analyse the details of transient effects we return to 
the general expression for u 

fi = V[1 - -~(1 - n)~ + �89 - 3 n ) ~  3] (22) 

where 

/ i t  
n = - -  ( 2 3 )  

a 

The kinetic energy may now be computed as before 

Uk -- 2@0(11 + l ln  + 8n2)E,1Bha (24) 

Noting that 

dn /it 
a ~ a  a = (1 - n) +--a (25) 

we can write an expression for the kinetic energy when 
the crack is in the transition region between d = 0 and 
the steady state as 

l dUk _ 3 E l l h ( V ) 2 [ 2 2 +  1 6 ( ~ )  - 8 ( ~ )  2 

B da 280 

and because 

3 E11h3V2t  2 1 d U k  

G = ~ a4 B da (27) 

we have an equation of motion for a when G = G1. 
Approximate solutions to this somewhat intractable 
result may be deduced by considering small perturba- 
tions, p, from the steady state 

a = At t/2 + p (28) 
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which gives the equation of motion 

8 ( G1 ) ( c )  2 37 ( c h )  2 

3\Ellh,]\V) + 70 A 4 

- 3 8  [ 70(hc)2 1 
- 35-A~i/2 ] ~ - ~ - p  + �89 + ~t 2 (29) 

The left-hand side of this equation is zero for the 
steady state from Equation 26, and hence for small 
perturbations, Equation 29 reduces to 

~t 2 + �89 = 0 (30) 

where 

70 (hc) 2 
19 A 4 

'~ 
- 19 ~ + 3- V (31) 

This equation has the solution of the form 

p oc  t 1/4-+i~ 

with 

which has a real part of 

p = ( ~ o ) W 4 [ y ,  s i n @ l n ~ ) +  Y2 cos@ In ~-o) 1 (33) 

and 

l r  -314 _ t 

+ (Yz  + 8Y1)cos@ln t0) 1 (34) 

where Y1 and Y2 are constants. The boundary condi- 
tions are set at t = to, because the form is indetermi- 
nate at t = 0. Now to is determined from Equation 21 
and here 

Po = (ao - At~ 12) 

= ao(1 - [3) (35a) 

and 

[3a0 /50 - (35b) 2to 

because d = 0 at initiation 
where 

13 = {[G1 + 33 E h f V ~ 2 ] /  

[Gt + l l l E  h (-V)2]'[i/4 11 k c }  J j  (36) 

Substituting these results gives: 

ao (1 + 13) (37a) Yt - 48 

Y2 = ao(1 - 13) (37b) 

and therefore 

P 
ao 

and 

z1/4 [(1 - 13)cos (8 in z) - (1 4 @ - ) s i n ( e l n  z)] 

(38) 

ao - ~ [3cos(81nz) + 

+ 2 8 ( 1 - 1 3 ) 1  sin(aln,)} (39) 

where r = t/to. 
The mismatch of boundary conditions with the 

steady state at initiation leads to non-linear oscilla- 
tions in p and/5 and it will be shown in Sections 3 and 
4 that Equations 38 and 39 quite accurately predict 
the measured crack behaviour in the high-rate DCB 
tests. 

2.4. "St ick-s l ip"  crack growth 
The physical origins of "stick-slip" crack growth 
can be from various sources, but in the DCB test it 
can be modelled by assuming that at initiation 
d = 0, G = G2 > G1, and d > 0, G = G~, as before. 

The definition of A remains as in Equation 20, 
because the steady state is unaltered but we simply 
change the definition of 13 

and 

g 2 

[ ,,, 
G1 + ~ E l t h  (40) 

For Gz = G1 then we have [3 < 1, but for G2 > G1 the 
value of 13 may be greater than unity. Note that for 
very high test rates [3 --, 0.88 and 8 ~ 1.37 in all cases 
and for low speeds 

(a2~  1/4 (42) 
13 \ < )  

and 8 ~ oo. A condition of interest in stick-slip is 
whether the crack will subsequently arrest after initia- 
tion. This is given by 

d -- 2t~/2 + [~ = 0 

which is determined by the equation 

e o/4E - - C O S r  _ 1 F(1 + [3~ 1 
sin co [3 L \ ~ - ~  ] + 2~(1 - [3) (43) 

where co = s In ~. Arrest conditions are in the range 
rc < co < 2re when the left-hand side is negative, which 
is only true for 

1682 + 1 1 
13 > 1682 -- 1 1 + 882 (44) 
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Because ~ is usually large, this condition becomes 

G2 1.2 
- -  > 1 + -  ( 4 5 )  
G1 ~2 

3. Analysis of the experimental test data 
obtained when testing the epoxy/ 
carbon-fibre composite (continuous 
crack growth) 

3.1. I n t r o d u c t i o n  
It was shown in Part  I I-1] how DCB specimens 
prepared with either one of two polymeric-based car- 
bon-fibre composites, or as adhesively bonded car- 
bon-fibre composite joints were tested in mode I at 
rates of up to about  20 m s - 1. Essentially, two distinct 
types of crack-growth behaviour were reported. The 
first type, which was exhibited for crack growth in the 
epoxy/carbon-fibre composite, was stable with the 
crack growing in a more or less continuous manner, 
subject to dynamic variation, after initiation until 
complete failure. The second type, shown by the 
PEEK/carbon-f ibre  composite and the adhesive joints 
at faster rates, was unstable with the crack growing in 
a stick slip manner. In this section, it will be shown 
how the  dynamic analysis has been applied to the 
experimental data recorded for the epoxy/carbon- 
fibre composite. Section 4 will show how the analysis 
may be applied to the experimental data recorded for 
the PEEK/carbon-f ibre  composite, which showed 
stick-slip crack growth. The adhesive joint test data 
are analysed in Section 5. 

The  measurement of the crack length, a, and the 
load point opening displacement, u0 or 8, as a function 
of time was described in detail in Part  I [ t ]  for DCB 
tests conducted at rates of up to about  20 m s 1. The 
measured experimental parameters were analysed 
statically using Equation 4, which was corrected for 
the various effects discussed previously and values of 
the mode I fracture toughness, G~c, were calculated. It 
was also noted in Part  I [1] that under various cir- 
cumstances, highly transient values of the measured 
crack length, a, and crack velocity, d, were recorded. 
In the following, the experimental data will be ana- 
lysed by the dynamic analysis presented in Sections 
2.2 and 2.4 to calculate values of G~c which are correc- 
ted for kinetic energy. Then the transient analysis 
presented in Section 2.3 will be employed and it will be 
shown how the dynamic variation in the measured 
values of a and ci may be predicted. In the following 
sections the test rates referred to are the actual speci- 
men displacement rates as recorded by high-speed 
photography. It  was noted in Part  I [1] that at high 
test rates, this value may be different from the actual 
ram displacement rate. 

3.2. I n t e r p r e t a t i o n  o f  t h e  e p o x y / c a r b o n - f i b r e  
c o m p o s i t e  e x p e r i m e n t a l  da ta  

The static analysis of the experimental data measured 
for the epoxy/carbon-fibre composite showed that the 
value of G~c was approximately independent of test 
rate up to about  20 m s -  1. However, tests conducted 
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Figure 2 Crack length versus root time values for a test conducted 
at a rate of 0.65 m s - 1 with the epoxy/carbon-fibre composite. The 
linear fit to the data yields a correlation coeff• of 0.997. 

E 
E 

v 

120 

100 

80 

60 

40 

20 

0 

-20 
0.0 

f , , i I i i i I ' i , I ' ' ~ 

. . . / . .  
�9 �9 u mln m IIN INI 

0.4 0.8 1.2 1.6 
t v2 (10 3 s)V2 

I 

2.0 

Figure 3 Crack length versus root time values for a test conducted 
at a rate of 8 m s t with the epoxy/carbon-fibre composite. The 
linear fit to the data yields a correlation coefficient of 0.978. 

at the faster rates showed some curious dynamic ef- 
fects which will now be discussed. It was shown in 
Section 2.1 that a linear relationship exists between 
the crack length, a, and t 1/2. Hence a graph of a versus 
t 1/2 is linear with gradient A, which is defined by 
Equation 6 in the static case and Equation 20 in the 
dynamic case. Equation 20 describes crack propaga-  
tion, so only crack propagat ion data should be in- 
cluded in the a versus t ~/2 plots. Figs 2 and 3 show 
plots of a versus t 1/2 for the epoxy/carbon-fibre com- 
posite tested at 0.65 and 8 m s-1, respectively. Only 
propagat ion data points are included in these figures 
and straight lines have been drawn though the data 
using a least squares regression technique. The linear 
fit to the data is excellent for the test conducted at 
0.65 m s -  1, i.e. the correlation coefficient is 0.997. The 
test data at 8 m s - 1 show more dynamic variation and 
the linear fit to these data has a correlation coefficient 
of 0.978. The value of the gradient, A, obtained in each 
case can be put into Equation 20 and a value of 
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T A B L E  I Experimental values of A, A and ~0 for the epoxy/car- 
bon-fibre composite at increasing test rates with the corresponding 
values of G~ and Gz 

Test rate Expt. A A Expt. t~ Ga G2 
(ms -1) (mm(ms) -t/2 (mm) (ms) (Jm -2) (Jm z) 

(Eq. 20) (Eq. 40) 

0.65 20.6 5.9 3.76 4- 0.63 148 191 
7.50 64.9 6.5 0.44 4- 0.05 186 294 
8.00 71.1 8.7 0.32 4- 0.05 156 265 

20.50 109.7 16.9 0.13 4- 0.05 138 252 

Errors represent the high-speed camera framing interval. 

G1 may then be deduced as all the other terms in this 
equation are known or can be calculated. It should be 
noted that the model considers one arm of the DCB 
only and therefore the velocity, V, in the analysis is 
half the actual recorded test velocity. Also, G1 and 
G2 represent half the values associated with the whole 
beam. Hence, it is always necessary to double the 
values of G1 and G2 when comparing with previously 
published values of GT~. 

It was noted in Equation 7 that, in practice, it is the 
relationship between a + xh versus t 1/2 that is linear 
and so a graph of a versus t ~/2 will also be linear with 
gradient A, but will intercept the a axis at a negative 
value. Therefore, the value of the negative inter- 
cept can be taken as an approximation to the value 
of ;(h for each test and here this parameter will be re- 
ferred to as A. It can be seen that the linear fit to 
the propagation data for the epoxy/carbon-fibre 
composite shown in Fig. 2 has yielded a gradient, 
A =20 .6mm(ms)  -t/2 and the negative intercept 
yields a value of A = 5.9 ram. The values of A, A and 
the corresponding values of G1 are shown in Table 
I for the epoxy/carbon-fibre composite at four differ- 
ent test rates between 0.65 and 20.5 m s-*. 

The value of Gt produced by this procedure is the 
steady state value of G~, i.e. it is the value of 
G~o obtained by assuming that a + A = A t  ~/2. How- 
ever, it was shown in Part I [ t ]  and will be shown 
again later, that the experimentally recorded value of 
a shows a dynamic variation and oscillates about the 
value predicted by the steady state. This oscillation 
can be seen in Fig. 2 but is more noticeable in Fig. 3 
where the test velocity was higher. The variation in the 
measured crack length values will introduce a vari- 
ation into the calculated values of G when either 
Equation 4 or 19 is used. Fig. 4 shows the values of 
applied G calculated for the test at 0.65 ms -1. The 
values of G deduced via Equations 4 and 19 were 
coincident at this test rate. Also shown on this figure is 
the value of Gz, i.e. the value of G deduced by assum- 
ing steady-state crack growth, i.e. as deduced from 
Equation 20 with the previously determined value of 
A. It can be seen that the variation in a introduces 
a variation in G, and at crack initiation a much higher 
value of G is calculated using either Equation 4 or 19. 
Fig. 5 shows similar data for a test at 8 m s-1. The 
variation in applied G calculated using either Equa- 
tion 4 or Equation 19 is more severe at this higher rate 
and again the value of G at crack initiation is higher 
than for subsequent propagation. In Part I this was 
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Figure 4 Values of applied G, calculated for the epoxy/carbon-fibre 
composite at a test rate of 0.65 m s -  t. (a) ( �9 �9 ) Static analysis 
(Equation 4), (b) ( -  - - )  dynamic analysis (Equation 19), (c) ( ) 
steady-state theory. Note that Equations 4 and 19 are coincident at 
this low test rate. 
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Figure 5 Values of applied G, calculated for the epoxy/carbon-fibre 
composite at a test rate of 8 m s - 2. (a) (.--) Static analysis (Equa- 
tion 4), (b) ( - - )  dynamic analysis (Equation 19), (c) ( ) 
steady-state theory. 

attributed to a dynamic effect, and the value of 
G~c quoted for the epoxy/carbon-fibre composite at 
the higher test rates was obtained by averaging the 
propagation values of G after the initial dynamic ef- 
fect. However, the dynamic analysis derived in Section 
2 distinguishes between the value of GIo at crack initia- 
tion, termed 2G2, and the value of Gic for crack propa- 
gation, termed 2G1. Therefore, in order to apply the 
analysis to these experimental data, it was necessary to 
accommodate the need for the higher value of G~ at 
crack initiation. We shall return later to discuss the 
reasons why G2 > G1. An important point here is that 
it is unlikely that G2 represents a material property as 
its value depends on the nature of the initial crack and 
on another system factor that will be discussed later. 
However, the value of G1 is the fracture toughness for 
crack propagation and is a material property. 

The values of test velocity in Table I are the actual 
experimental test velocities used, but the values of 



G~ and G2 are the values associated with a single- 120 
cantilever beam as shown in Fig. 1 and therefore need 
to be doubled when considering the double-cantilever 
beam. The analysis of the high-speed films enabled 100 
a measurement of the crack initiation time, to, to be 
made. This value is also shown in Table I. Experi- 80 
mentally, the value of to was obtained by defining the 
two frames between which crack initiation occurred 
and then taking the initiation time as the time in the ~ 6o 
middle of this range. The errors indicate, therefore, the 
maximum and minimum possible values of to and, 
therefore, the magnitude of the errors are dependent 4o 
upon the framing rate of the camera. The camera was 
operated at a framing rate of about  10 000 frames s -  1 
for all test rates above 2 m s -  1, and so the magnitude 20 0 
of the errors in absolute terms is constant above this 
rate. Of course, the percentage error in to increases as 
the test velocity is increased, because the value of 
to decreases with increasing test rate. 

The experimentally measured values of to were used 
to calculate the values of G2. As discussed previously 
and as shown in Figs 4 and 5, it was noted that the 
value of GIo recorded at crack initiation was higher 
than the value associated with crack propagat ion at 10 
the higher rates, and therefore it was possible to define 
a value for the dynamic parameter,  13, via Equation 41 
because to, ao and A are now all known. Therefore, by 8 
calculating the value of 13, we can compute the appro- 
priate value of G2 using Equation 40. Equation 40 was 6 
used to calculate J~ rather than Equation 36 because 
G 2 > G 1 . Hence the experimentally determined values 
of to and A were used to compute the values of 13 and .9 4 
G 2 .  

3.3. Re la t ionsh ip  be tween  the expe r imen ta l  
data and the s teady  state 

Steady-state values of crack length, a, and crack velo- 
city, d, can be computed using Equations 7 and 9 pro- 
vided appropriate values of the gradient A and the 
intercept A are available. By writing zh = A, we can 
compare the corrected experimental values of a, i.e. 
a + A, with the values computed as A t 1/2. Figs 6 and 
7 show the crack length versus time data and crack 
velocity versus time data plotted for the epoxy/car- 
bon-fibre composite at a test rate of 0.65 m s  -1. The 
points on these graphs show the experimental data 
points, corrected by adding zX, and the solid lines show 
the steady state values of a and d. Figs 8 and 9 show 
the same data recorded for the test at 8 m s-1. It  is 
apparent from these figures that following crack initia- 
tion, the experimental values of a and d oscillate about  
the values predicted by the steady state, and the fre- 
quency of oscillation decreases as the test rate is in- 
creased. It was proposed earlier in Section 2 that these 
variations were the result of perturbations caused by 
the different energy requirements of the crack at initia- 
tion and during propagation. Hence the equation of 
motion for crack growth was solved by considering 
small perturbations, p, from the steady state. Here we 
may define the crack length perturbation as 

p(t) = (a + A)(t) - A t  ~/2 (46) 

5 10 15 20 25 30 
t (10 -3 s) 

35 

Figure 6 Crack length versus time data recorded for the ep- 
oxy/carbon-fibre composite at a test rate of 0.65 m s- 1. Data points 
represent the corrected crack length values, i.e. the experimentally 
measured crack length plus the correction term, A. ( ) Values of the 
crack length predicted by steady-state theory. 
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Figure 7 Crack velocity versus time data recorded for the ep- 
oxy/carbon-fibre composite at a test rate of 0.65 m s - 1. Data points 
represent the experimentally measured values. ( ) Values pre- 
dicted by steady-state theory. 

So we can consider p to be the extent to which the 
measured value of the corrected crack length deviates 
from the steady-state value. As can be seen in Figs 
6 and 8, p is not a constant, but is a non-linear 
function of t and will be discussed further in the next 
section. Considering now the crack velocity, we may 
define the crack velocity perturbation,/5, as 

D(t) = d ( t ) -  A / 2 t  1/2 (47) 

Note again that/5 is a non-linear function of t and is 
independent of A because d is independent of A. We 
shall discuss/5 in more detail in the next section. 

3.4. Use of  the t rans ien t  ana lys is  to pred ic t  
the c rack -g rowth  behav iou r  

It was shown in Section 2.3 that crack-growth behav- 
iour could be predicted using Equations 38 and 39 for 
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Figure 8 Crack length versus time data recorded for the ep- 
oxy/carbon-fibre composite at a test rate of 8 m s ~. Data points 
represent the corrected crack length values. ( ) Values predicted 
by steady-state theory. 
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Figure 9 Crack velocity versus time data recorded for the ep- 
oxy/carbon-fibre composite at a test rate of 8 m s - 1. The data points 
represent the experimentally measured values. ( ) Values pre- 
dicted by steady-state theory. 

a DCB test provided that the initiation time, to, was 
known and that the dynamic parameters 13 and e could 
be calculated. Equation 38 represents a solution to the 
equation of motion of the crack and was formulated in 
terms of the crack-length perturbation, p, which was 
normalized by ao. Similarly, Equation 39 gives an 
expression for the crack-velocity perturbation, /~, 
which was normalized by ao/to, rendering the results 
dimensionless. In this section, the results obtained 
from Equations 38 and 39 will be compared to the 
experimental results obtained by using Equations 46 
and 47. These results will also be normalized to enable 
comparisons to be drawn. 

The values of to, 13 and r used for the computat ion of 
Equations 38 and 39 are shown in Table II  for the 
epoxy/carbon-fibre composite. Because there was 
a degree of uncertainty in the measured values of 
to (see errors in Table I) the values of to used for the 
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T A B L E I I Calculated values of to, 13 and a for the epoxy/carbon- 
fibre composite at increasing test fates 

Test rate to (ms) 13 s 
(m s- 1) (Eq. 41) (Eq. 32) (Best fit) 

0.65 3.75 1.066 72.83 51.51 
7.50 0.39 1.115 7.26 5.22 
8.00 0.37 1.132 6.19 4.48 

20.50 0.14 1.102 2.60 2.08 

computat ion have been allowed to vary within the 
confines of these errors. Table I I  shows the actual 
values of to used in the computat ion and Table 
I shows the actual values of to measured in the experi- 
ment. 

The parameter  13 was determined using Equation 41 
and the parameter  ~ was determined using Equation 
32. Equations 38 and 39 were computed in the range 
from t = to until the time at which final failure occur- 
red in the experiment. The computation step size was 
fixed to be equivalent to the experimental data record- 
ing interval. Thus, Equations 38 and 39 were cal- 
culated at time increments equivalent to the framing 
interval of the high-speed camera. This gave a realistic 
form for comparison, but the complete solutions to 
Equations 38 and 39 are shown in Figs 10 and 11 for 
the epoxy/carbon-fibre composite at a test rate of 
0.65 m s - 1. The initial agreement between the experi- 
mentally deduced values of p/ao and [~to/ao and the 
computed values showed the correct form, but theory 
and experiment were out of phase, particularly at the 
higher test rates. A possible reason for this divergence 
will now be discussed. 

The model developed in Section 2 assumed perfect 
symmetry of the DCB test and hence only one arm 
was modelled, and the results were doubled when 
considering the whole beam. This model is accurate at 
lower test rates, but at the higher test rates, e.g. above 
2 m s - 1, analysis of the high-speed films showed that 
the displacement distribution between the upper and 
lower arms in the DCB was no longer perfectly 
symmetrical and the degree of asymmetry increased as 
the test velocity was increased. A useful insight into 
the effect of asymmetry in the DCB test can be ob- 
tained by considering a purely asymmetric beam dis- 
placement profile, i.e. where one arm is subjected to 
zero displacement and the other arm is subjected to 
a displacement equivalent to the total measured dis- 
placement. With this purely asymmetrical displace- 
ment, the value of G calculated would be twice the 
value obtained if symmetry had been assumed, i.e. the 
ratio of asymmetric to symmetric G is Gas/G~ = 2. In 
a typical test at 8 m s-1, G,s/Gs was measured to be 
1.1. In the dynamic transient analysis, this effect has 
been accounted for by adjusting the value of ~ put into 
Equations 38 and 39. Rather than using the value of 

calculated by Equation 32, a value was chosen for 
each test which gave the best fit between the experi- 
mentally determined values of p/ao and Dto/ao and the. 
computed values. The best fit values of a were some- 
what lower than those calculated using Equation 32 
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Figure 10 Values of p/ao versus time for the epoxy/carbon-fibre 
composite at a test rate of 0.65 m s-~. Data points are the experi- 
mental values. ( - - )  The analytical solution to Equation 38. 
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Figure l l  Values of ~to/ao versus time for the epoxy/carbon-fibre 
composite at a test rate of 0.65 m s - ~. Data points are the experi- 
mental values. ( - - )  The analytical solution to Equation 39. 

and the values are tabulated in Table I I  for the epoxy 
composite.  

Equat ions  38 and 39 were computed  with the new 
values of ~ and these values are plotted in Figs 12 and 
13, respectively, for the epoxy/carbon-f ibre  composi te  
tested at 0.65 m s  -1, and in Figs 14 and 15 for the test 
conducted  at 8 m s - 1. It  can be seen that  the values of  
p/ao and {)to/ao obtained from experiment and theory 
show quite good  agreement,  part icularly at 8 m s-1.  
Hence, the transient crack length and crack-velocity 
behaviour  can be quite accurately predicted using the 
dynamic  analysis. The oscillation in a and ci causes an 
oscillation in G of  the type that  has been reported 
elsewhere [2, 3]. The value of G for steady-state 
propagat ion,  GI, was obtained from a linear fit to the ~ 
a versus t 1/2 data  and hence this is an average propa-  
gation value of G~o. The measured value of  G using 
a static analysis fluctuates about  this value at high 
test rates. Table I shows that  the dynamic  value of 
Gic for steady-state p ropaga t ion  ( -  2G1) remained 
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Figure 12 Values of p/ao versus time for the epoxy/carbon-fibre 
composite at a test rate of 0.65 m s- 1. Data points are the experi- 
mental values. ( ) The solution to Equation 38, with the analyti- 
cal time step now equivalent to the experimental recording interval. 
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Figure 13 Values of [~to/ao versus time for the epoxy/carbon-fibre 
composite at a test rate of 0.65 m s 1. Data points are the experi- 
mental values. ( ) The solution to Equation 39, with the analyti- 
cal time step now equivalent to the experimental recording interval. 

essentially constant  with increasing test rate up to 
20 m s -  2. However,  at these high test rates, the value 
of G~c at initiation ( _= 2G2) was higher than for sub- 
sequent propagat ion.  This was confirmed by both  the 
R-curves and the measured values of to, which both  
suggested that  G2 > G1 at high rates. Further,  by 
using these values of  G in the model, the form of the 
measured crack-growth behaviour  was quite accurate- 
ly predicted. In  the next section, stick-slip crack 
growth will be considered. 

4. Analysis of the exper imental  test data 
obtained when  testing the PEEK/ 
carbon-fibre composi te  (stick-slip 
crack growth)  

4.1. Introduction 
In Section 3 the dynamic  analysis was applied to crack 
growth in the epoxy/carbon-f ibre composi te  which 
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Figure 14 Values of p/ao versus time for the epoxy/carbon-fibre 
composite at a test rate of 8 m s- 1. Data points are the experimental 
values. (--) Equation 38. 
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Figure 16 Crack length versus root time data for the PEEK/car- 
bon-fibre composite at a test rate of 1.1 m s- 1. (0) Crack initiation, 
(I) crack arrest, (i) points at which crack remains stationary. 
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Figure 15 Values of Dto/ao versus time for the epoxy/carbon-fibre 
composite at a test rate of 8 m s- 1. Data points are the experimental 
values. ( ) Equation 39. 

was stable. In this section, the analysis will be applied 
to the experimental data  recorded for the P E E K / c a r -  
bon-fibre composi te  which showed stick-slip crack 
growth. Other  materials which exhibit stick-slip crack 
growth,  e.g. the bonded  joints described in Par t  I [1] 
may  be analysed in a similar manner,  as will be shown 
in Section 5. 

4.2. Interpretation of stick-slip experimental 
data via the dynamic analysis 

It  was shown in Part. I [1] that  the P E E K / c a r b o n -  
fibre composi te  and the adhesive joints bonded with 
toughened epoxy adhesives exhibited stick-slip crack 
growth at all test speeds above a critical rate. How-  
ever, as the test speed was increased past this rate, the 
steps in the crack-growth profile became smaller and 
more  numerous  until at the fastest test rates, it became 
practically impossible to identify on the high-speed 
films the points of crack initiation and arrest. Indeed, 
at rates faster than 10 m s -  1, the crack length versus 
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Figure 17 Crack length versus root time data for the PEEK/car- 
bon-fibre composite at a test rate of 6.5 m s -1. The linear fit to the 
data yields a correlation coefficient of 0.996. 

time data  for the PEEK/carbon- f ib re  composi te  ap- 
peared to be stable and continuous.  The main diffi- 
culty in analysing these data  therefore lies in correctly 
defining the values of G1 and G2 at each test rate. 

Fig. 16 shows the a versus ) /2  data  for the 
PEEK/carbon- f ib re  composi te  at a test rate of 
1.1 m s -  1. These data  do not  lie on a single line and 
hence a different approach  to their analysis is re- 
quired. By defining G2 as the value of G at crack 
initiation as before, and now defining G1 as the value 
G at crack arrest, the initiation and arrest points may  
be fitted separately to determine a value of A asso- 
ciated with initiation and a value of A associated with 
crack arrest. In this test, the initiation and arrest 
points are well defined. However,  as the test rate is 
increased to 6.5 m s - t ,  the majori ty of the a versus 
) /2  data  lie on a straight line with a correlat ion 
coefficient of 0.996, as may  be seen i n  Fig. 17. By 
removing the clearly defined points at crack arrest, 
these data  may  now be treated as propagat ion  data  
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Figure 18 Crack length versus root time data for the PEEK/car- 
bon-fibre composite at a test rate of 14.9 m s ~. The linear fit to the 
data yields a correlation coefficient of 0.987. 

TABLE I I I  Experimental values of A,A and t o for the 
PEEK/carbon-fibre composite at increasing test rates with the 
corresponding values of G~ and G~ 

Test rate Expt. A A Expt. to ~ G~ Ga 
(ms - t )  (mm(ms) -~/a (mm) (ms) (Jm -a) (Jm -~) 

(Eq. 20) (Eq. 40) 

1.10 16.1 2.0 3.81 _+ 0.62 458 u 757 u 
6.50 43.2 4.4 0.66 4- 0.06 515 610 

14.90 65.7 6.0 0.30 4- 0.05 476 550 
18.40 72.7 8.5 0.30 4- 0.05 527 570 

a Errors represent the high-speed camera framing interval. 
These values obtained by plotting repeated initiation and arrest 

values separately, then using Eq. 20. 

and a linear fit to them enables Gt to be calculated. 
Because it was not possible to define precisely the 
points of repeated crack initiation, Ga was determined 
using the same technique as was used for the ep- 
oxy/carbon-fibre composite earlier i.e. by using the 
measured initiation time, to, and Equations 40 and 41. 
Fig. 18 shows the a versus t ~/~ data for the 
PEEK/carbon-f ibre  composite when tested at 
14.9 m s -  1. The values of A, A, to, Gt and the corres- 
ponding values of G= are shown in Table I I I  for the 
PEEK/carbon-f ibre  composite at four different test 

- 1  rates between 1.1 and 18.4 m s 
The trend for the value of G= to decrease while the 

value of G1 increases with rate can be seen in Table III,  
and was also reported in Part  I. As the values of 
G1 and G~ approach one another, the value of 13 ap- 
proaches unity (see later, Table IV) and so the under- 
lying cause of stick-slip crack propagat ion is removed. 

4.3. Relationship between the experimental 
data and the steady s ta te  

As the test rate was increased above 1 m s -  1, the crack 
propagat ion in the PEEK/carbon-f ibre  composite be- 
came more continuous and therefore followed the 
steady state more closely. It  will be shown in the next 
section that the approximate arrest points can be 
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Figure 19 Crack length versus time data recorded for the the 
PEEK/carbon-fibre composite at a test rate of 6.5ms -~. Data 
points represent the corrected crack length values. ( ) Values 
predicted by steady-state theory. 
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Figure 20 Crack velocity versus time data recorded for the the 
PEEK/carbon-fibre composite at a test rate of 6.5 ms-1.  Data 
points represent the experimental values. ( - - )  Values predicted by 
steady-state theory. 

predicted during the test at 1 m s-1 provided the dy- 
namic parameters J3 and ~ are known. For  test rates 
higher than 6 m s-1, it was possible to compute the 
steady state values of a and ~i because a value of 
A relating to crack propagat ion could be defined, as 
shown in Table lII. These values are shown in Fig. 19 
and 20 for a test at 6.5 m s -  1 and in Figs 21 and 22 for 
a test at 14.9 m s -  1. The corrected experimental values 
are shown as the points, and the steady-state values 
are shown as the solid lines. However, it was not 
possible to analyse the test at 1.1 m s - 1 in this manner, 
because the A value defined for this test was not for 
propagation, but for arrest. 

4.4. Use of the transient analysis to predict 
the crack-growth behaviour 

The parameters to, 13 and ~ required for the model are 
shown in Table IV for the PEEK/carbon-f ibre 
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Figure 21 Crack length versus time data recorded for the PEEK/ 
carbon-fibre composite at a test rate of 14.9 m s-1. Data points 
represent the corrected crack length values. ( ) Values predicted 
by steady-state theory. 
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Figure 22 Crack velocity versus time data recorded for the PEEK/ 
carbon-fibre composite at a test rate of 14.9 m s-1. Data points 
represent the experimental values. ( ) Values predicted by 
steady-state theory. 

TABLE IV Calculated values of t 0, 13 and c for the PEEK/car- 
bon-fibre composite as the test rate is increased 

Test rate t o 13 a 
(ms 1) (Eq. 41) (Eq. 32) (Best fit) 

1.10 5.35 1.134 82.29 58.20 
6.50 0.687 1.042 14.67 10.42 

14.90 0.318 1.031 6.30 4.56 
18.40 0.350 1.012 5.33 3.89 

composite. As the test rate was increased above 
1 m s-1, it was noted that the value of G2 decreased 
while the value of G1 increased somewhat. This result- 
ed in a decreasing f3 with increasing test rate which is 
consistent with the observation that the crack propa- 
gation becomes more continuous at higher rates. It 
was again necessary to account for the loss of 
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TABLE V Crack arrest conditions for the PEEK/carbon-fibre 
composite as a function of test speed 

Test rate (ms- l )  G~ (1 + 1.2) Stick-slip behaviour 

G1 \ ~2] Predicted Seen in test? 

1.10 1.65 1.00 Yes Yes 
6.50 1.18 1.01 Yes Yes 

14.90 1.16 1.06 Yes No 
18.40 1.08 1.08 No No 

symmetry in the DCB at high speeds by using a best fit 
value of a as shown in Table IV. 

Section 2 described how the arrest conditions could 
be predicted provided that G1, G2 and a were known. 
An approximate guide to whether the crack will arrest 
during a test may be deduced via Equation 45; i.e. if 
the condition is satisfied, then crack arrest will occur 
during the test. 

Table V explores this condition over a range of test 
speeds up to 18.40 m s - t  and shows the decreasing 
tendency for crack arrest to occur during a DCB test 
on the PEEK/carbon-fibre composite as the test rate 
is increased above 1 ms-1 .  It also shows that this 
simple analysis predicts stick-slip type crack growth 
at rates of up to about 15 ms -1, after which con- 
tinuous crack growth is seen; i.e. stick-slip crack 
growth is observed if the condition in Equation 45 is 
satisfied. 

Further, the dynamic theory enabled the repeated 
arrest crack lengths, dr,2 .... to be predicted. For  the 
test at 1.1 m s- 1, ao = 34 mm and a value of [3 = 1.134 
may be taken from Table IV, a first crack arrest length 
may be predicted at 38.5 mm. Experimental test data 
show that the first arrest point occurred at a crack 
length of 37mm. Hence the corrected value, i.e. 
(a + A) is 39 ram, as A = 2 mm for this test. This value 
is in very close agreement to the predicted value. 
Clearly as 13 decreases, the amount of crack propaga- 
tion prior to arrest decreases, resulting in the observed 
narrower stick-slip bands. However, when [3 falls be- 
low the critical level, stick-slip crack growth will not 
occur .  

Figs 23 and 24 show values of p/ao and Dto/ao for 
the PEEK/carbon-fibre composite tested at 6.5 m s- 1. 
It was evident from Figs 19 and 20 that during this test 
there was a period of crack arrest lasting almost 1 ms. 
Although earlier points of crack arrest do occur, these 
last for very short durations and consequently the 
crack propagation during this period can be treated as 
continuous without introducing significant error. 
Hence, although the measured crack behaviour fol- 
lowed the steady state quite closely up to this point, 
beyond this point a large deviation occurred. It was 
therefore necessary to treat the test as two distinct 
periods of crack growth. Therefore, by computing 
Equations 38 and 39 from the instant of crack initia- 
tion to the first instant of crack arrest, then stopping 
and restarting the computation at the second instant 
of crack initiation until the end of the test, Figs 23 and 
24 show that quite an accurate prediction of the crack 
length and crack velocity behaviour is obtained. 
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Figure 23 Values of p/ao versus time for the PEEK/carbon-fibre 
composite at a test rate of 6.5 ms-1. The data points are the 
experimental values. ( - - )  Equation 38. 
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Figure 24 Values of [~to/ao versus time for the PEEK/carbon-fibre 
composite at a test rate of 6.5ms 1 The data points are the 
experimental values. ( ) Equation 39. 

Final ly ,  F igs  25 and  26 show the values of p/ao and  
Dto/ao for the P E E K / c a r b o n - f i b r e  compos i t e  tested at  
a rate  of  14.9 m s - 1. As no ex tended  pe r iod  of  c rack  
arres t  occur red  dur ing  this test, the da t a  were t rea ted  
as cont inuous .  Indeed,  it  can be seen tha t  the g o o d  
agreement  exists be tween the exper imenta l  values of  
p/ao and  ~to/ao and  the c o m p u t e d  values. 

5. A n a l y s i s  o f  t h e  e x p e r i m e n t a l  t e s t  d a t a  
o b t a i n e d  w h e n  t e s t i n g  t h e  a d h e s i v e l y  
b o n d e d  c a r b o n - f i b r e  c o m p o s i t e s  
( s t i c k - s l i p  c r a c k  g r o w t h )  

5 .1 .  I n t r o d u c t i o n  

It  was shown in P a r t  I how the epoxy /un id i rec t iona l  
ca rbon- f ib re  compos i t e  beams  were b o n d e d  with  one 
of  two r u b b e r - t o u g h e n e d  epoxy  adhesives  to form 
adhesively  b o n d e d  DCBs.  W h e n  tes ted at  rates of  up 
to a b o u t  15 m s  -1, it  was shown tha t  the value of  
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Figure 25 Values of p/ao versus time for the PEEK/carbon-fibre 
composite at a test rate of 14.9 ms -1. The data points are the 
experimental values. ) Equation 38. 
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Figure 26 Values of Dto/ao versus time for the PEEK/carbon-fibre 
composite at a test rate of 14.gms -~. The data points are the 
experimental values. ( ) Equation 39. 

G~ rema ined  a pp rox ima te ly  cons tan t  when an epoxy-  
film adhesive was employed  ( F M 7 3 M  from Amer ican  
Cyanamid )  bu t  when an epoxy-pas te  adhesive was 
employed  (EA9309 f rom Hyso l  Dexter)  the value of  
G~c decreased by 40% at 10 m s - 1 relat ive to the s tat ic  
value. The  measured  crack  length versus t ime da t a  
recorded  for a n u m b e r  of  these tests will now be 
analysed  using the dynamic  analysis.  

5 .2 .  I n t e r p r e t a t i o n  o f  t h e  e x p e r i m e n t a l  d a t a  

To invest igate  the dynamic  behav iour  of the adhesive-  
ly b o n d e d  joints ,  test  da t a  recorded  at  rates of a b o u t  
1 and 10 m s -  1 have been ana lysed  for each adhesive.  
I t  was no ted  in P a r t  I tha t  jo in ts  b o n d e d  with ei ther  
adhesive failed in a con t inuous  m a n n e r  at  slow test 
rates, bu t  as the test rate  was increased above  a cri t ical  
rate,  the con t inuous  crack  g rowth  gave way  to 
s t ick-s l ip  c rack  growth.  

A typical  set of a versus t 1/2 da t a  recorded  at 
1.4 m s -  1 is shown in Fig. 27 for a j o in t  b o n d e d  with 
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Figure 27 Crack length versus root time data for a joint bonded 
with the epoxy-film adhesive and tested at a rate of 1.4 m s- 1. The 
linear fit to the data yields a correlation coefficient of 0.956. 
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Figure 28 Crack length versus root time data for a joint bonded 
with the epoxy-film adhesive and tested at a rate of 10.1 ms- 1. The 
linear fit to the data yields a correlation coefficient of 0.988. 

the epoxy-f i lm adhesive.  I t  can be seen that  this da t a  
lies app rox ima te ly  a long a s t ra ight  line, with a corre la-  
t ion coefficient of 0.956, and  hence the gradient ,  A, 
m a y  be de te rmined  as well as the negat ive  intercept ,  A. 
F o r  this test at  1 . 4 m s  -1, A = 1 8 m m ( m s )  -1/2 and 

A = 2.8 mm. These values are shown in Table  VI, 
together  with the measured  crack in i t ia t ion  time, to, 
and  ca lcula ted  values of G1 and  G2 deduced  via Equa-  
t ions 20 and  40, respectively.  Fig. 28 shows the equiva-  
lent da t a  recorded  at  a test ra te  of 10 m s -  1. The  l inear  
fit to these da t a  is better,  with a cor re la t ion  coefficient 
of 0.988. The  values of A, A and  to are again  shown in 
Table  VI, a long with the ca lcula ted  values of G1 and  

G2. 
Fig. 29 shows a typical  set of a versus t ~/2 da t a  

recorded  at  a test ra te  of a b o u t  1 m s -~  for a jo in t  
b o n d e d  with the epoxy-pas te  adhesive.  These da t a  are 
not  l inear,  owing to the extended per iods  of crack 
arrest  tha t  were recorded  dur ing  this test and  therefore 
the da t a  m a y  not  be fi t ted to a single line. However ,  it 
was shown in Sect ion 4 tha t  s t ick-s l ip  c rack  g rowth  
can be ana lysed  by  consider ing the in i t ia t ion  and  
arrest  poin ts  separately.  The  two lines d rawn  on 
Fig. 29 represent  the best  fit lines to the in i t ia t ion  and  
arrest  data.  The grad ien t  of  the line t h rough  the ini t ia-  
t ion poin ts  yields a value for G2 and  the g rad ien t  of the 
line t h rough  the arrest  poin ts  yields a value for Ga. 
The  d a t a  poin ts  recorded  when the crack  remained  
s t a t ionary  were d is regarded.  This p rocedure  was re- 
pea ted  for the d a t a  ob ta ined  at  a test rate  of 
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Figure 29 Crack length versus root time data for a joint bonded 
with the epoxy-paste adhesive and tested at a rate of 1.1 m s-1. (I)  
Initiation, ( I )  arrest, (-) points at which the crack remains station- 
ary. 

14.7 m s -1  and  the result ing values Of A, A, G1 and  
G2 are shown in Table  VI. 

F r o m  Table  VI it can be seen tha t  the value of Glc at  
c rack  ini t iat ion,  ---2G2, measured  for the jo in t s  
b o n d e d  with the epoxy-f i lm adhesive decreases by 
a b o u t  10% as the test rate is increased f rom 1 m s - 1  
to 10 m s  -1. However ,  the jo in t s  b o n d e d  with the 
epoxy-pas te  adhesive show a much  more  significant 

TABLE VI Experimental values of A, A and to for the adhesive joints at different test rates with the corresponding values of G1 and G2 

Test rate Expt. A A Expt. t~ G1 Gz 
(m s - 1) (ram (ms)- 1/2 (mm) (ms) (J m - a) (J m - 2) 

Film 1.4 
Film 10.1 
Paste 1.1 
Paste 14.7 

18.0 2.8 4.83 4- 0.40 957 1294 
45.2 -1 .7  0.57 + 0.07 1012 1168 
24.4 4.8 7.08 4- 0.42 105 1665 
72.1 1.0 0.25 4- 0.20 359 954 

Errors represent the high-speed camera framing interval. 
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reduction in the value of G2 which decreases by about 
42% over a similar range of test rates. It is of interest 
to note that the value of G1 remains approximately 
constant for the joints bonded with the epoxy-film 
adhesive over this range, but the joints bonded with 
the epoxy-paste adhesive show a three-fold increase in 
this value. 

5.3. Relationship between the experimental 
data and the steady state 

The steady-state values of the crack length and crack 
velocity may be obtained for the adhesive joints using 
the procedure described previously in Section 3.3. 
When the a versus t 1/2 data are linear, the gradient 
A may be used to deduce these steady-state values. 
Figs 30 and 31 show the experimental and steady- 
state values of a and d for a joint bonded with the 

T A B L E  VII  Calculated values of to, 13 and ~ for the adhesively 
bonded joints 

Adhesive Test rate to 13 e e 
(ms - l )  (Eq. 41) (Eq. 32) (Best fit) 

Film 1.4 4.350 1.078 90.83 45.0 
Film 10.1 0.571 1.035 13.20 7.5 
Paste 1.1 7.580 1.995 43.25 N/A 
Paste 14.7 0.276 1.260 05.43 N/A 

epoxy-film adhesive and tested at the rate of 1.4 m s-  
When the a versus t ~/2 data are not linear due to 
extended periods of crack arrest as was observed when 
testing joints bonded with the epoxy-paste adhesive, 
the steady state is not followed and it becomes 
necessary to consider each period of crack growth 
separately, as was discussed in Section 4.4. 
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Figure 30 Crack length versus time data for a joint bonded with the 
epoxy-film adhesive and tested at a rate of 1.4 m s-~. Data points 
represent the corrected crack length values. ( ) Values predicted 
by steady-state theory. 
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Figure 31 Crack velocity versus time data for a joint bonded with 
the epoxy-film adhesive and tested at a rate of 1.4 ms -1 .  Data 
points represent the experimental values. ( ) Values predicted by 
steady-state theory. 

5.4. Use of the transient analysis to predict 
the crack-growth behaviour 

The parameters to, 13 and ~ required for the analysis 
are shown in Table VII for the adhesive joints. The 
table shows values for joints bonded with both the 
epoxy-film and the epoxy-paste adhesives. It is of 
interest to note that significantly higher values of 
13 were recorded for the joints bonded with the epoxy- 
paste adhesive than for those bonded with the epoxy- 
film adhesive. The degree of stick-slip crack growth is 
clearly greater when [3 is large (see Equation 45), and it 
was noted that as the test rate was increased the 
general trend was for G2 to decrease and for G1 to 
increase. Thus a large G2 relative to G1 favours 
stick-slip crack growth and as the rate was increased 
above 1 m s-  1 the value of 13 decreased for both adhes- 
ives and hence it can be seen that the crack growth 
becomes more continuous at the highest rates. It was 
again necessary to adjust the value of ~ to account for 
the loss of symmetry in the high-rate DCB test. The 
values of ~ calculated by Equation 32 and those values 
which gave the best fit between the experimental data 
and Equations (38) and (39) are also shown in Table 
VII. 

Figs 32 and 33 show the computed and experi- 
mental values of p/ao and Dto/ao as a function of time 
for a joint bonded with the epoxy-film adhesive and 
tested at 10.1 ms 1. It can be seen that Equations 38 
and 39 quite accurately predict the measured crack- 
growth behaviour for this test. The high values of 
13 calculated for joints bonded with the epoxy-paste 
adhesive predict stick-slip crack growth will occur 
and hence all the growth will take place in short 
bursts. 

6. Conclusion 
It has been shown how dynamic expressions for the 
mode I fracture toughness, G~c, may be derived for 
a high-rate DCB test. It was shown that there are two 
expressions for the kinetic energy, one prior to crack 
initiation when d = 0 and one after initiation when 
d > 0. It was therefore shown that the G required for 
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Figure 32 Values of p/ao versus time for a joint bonded with the 
epoxy-film adhesive and tested at a rate of 10.1 m s-1. Data  points 
are the experimental values. ( Equat ion 38. 
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Figure 33 Values of ~to/ao versus time for a joint bonded with the 
epoxy-film adhesive and tested at a rate of 10.1 m s  t. Data  points 
are the experimental values. ( )Equa t ion  39. 

steady-state propagation was less than the G required 
for crack initiation. Hence it was shown that after 
initiation, there would be a transition growth region 
and mismatch in the boundary conditions before the 
crack reached the steady state. This transitory region 
constitutes the major dynamic effect4n the DCB test 
and details of this were investigated by considering 
small perturbations from the steady "state. The per- 
turbations observed in'the measured crack length and 

crack velocity values were large at high test rates and 
it was demonstrated for two carbon-fibre composites 
and two adhesively bonded carbon-fibre composites 
how these variations could be predicted. 

The values of the perturbations were deduced from 
the experimental data and it was shown that, although 
the magnitude of the kinetic energy component was 
usually small compared to the fracture toughness, Gic, 
the dynamic crack-length variations from the steady 
state caused oscillations in the measured values of G~c. 
Values of G~c deduced under assumed steady-state 
conditions gave close agreement with values reported 
in Part I [-1] of this series of papers. Higher values of 
G~c at crack initiation were noted, however, for the 
epoxy/carbon-fibre composite and, although this was 
considered to be an artefact of the high rate test, itwas 
found necessary to include this in the model. The 
analysis has also predicted quite accurately the transi- 
ent crack-growth behaviour which was measured dur- 
ing the high-rate tests, although an adjustment to the 
model was necessary to account for the loss of sym- 
metry experienced at the higher test rates. 

In Part III [-8], the experimental results from the 
mixed-mode and mode II loading at high test rates 
will be discussed in detail. 
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